Power-inversion (PI) adaptive arrays are widely used in Global Navigation Satellite System (GNSS) receivers for interference mitigation. The effects of element patterns on the performance of PI adaptive arrays are investigated in this paper. To this end, the performance of adaptive arrays is investigated by Monte Carlo simulations, using CST Microwave Studio (Dassault Systems, Vélizy-Villacoublay, France) to calculate the radiation patterns of circular microstrip elements which are used to compute the adaptive weight and the adaptive array gain. It is shown that the performance of PI adaptive arrays is mainly dependent on the gain pattern of the reference antenna element rather than the non-reference elements because the algorithm essentially pushes the elements into an unequal position. Furthermore, the results show that the impact of mutual coupling on the performance of the antenna array can be associated with the radiation patterns of the reference element, which is helpful in selecting the optimum reference element without increasing computational complexity, especially for small GNSS arrays.
Introduction
Global Navigation Satellite System (GNSS) adaptive antenna arrays have been acknowledged to be one of the most effective anti-interference options [1] . In an adaptive array, multiple antenna elements are employed to mitigate interfering signals spatially by steering nulls along the directions of interfering signals [2] . The total received signal of each antenna element is multiplied by the complex weight from the corresponding adaptive algorithms after being sampled and quantized by the radio frequency (RF) front-end of GNSS receivers.
Several effective adaptive algorithms for GNSS arrays have been proposed in many studies [3] [4] [5] [6] . Among them, the power-inversion (or power minimization) (PI) algorithm [7] [8] [9] is very popular since it is relatively simple to implement and can effectively suppress interference without any prior information [10] . It should be pointed out that most analyses of the PI algorithm focus on the calculation scheme to find the optimal weight vector, and the elements of the array are assumed to be ideally isotropic.
However, it is recognized that the performance of adaptive antenna arrays is affected by the radiation patterns of antenna elements and the array geometry [11] . The radiation characteristics of element patterns should not be ignored. The accurate understanding of the in-situ response of individual antenna elements is complex and important, including mutual coupling between antenna elements and the scattering from the platform on which the antenna array is installed [12] . Furthermore, a comprehensive understanding of the impact of antenna element patterns on adaptive array performance is helpful in designing more effective antenna arrays. Firstly, it is helpful to select an optimum reference element for the PI algorithm. The results in [13] show that the effects of selecting a reference element on interference mitigation can be ignored, while the effects on the adaptive array gain cannot be neglected. The available angular region [14] of the adaptive array will be improved by selecting an optimum element. Youda Wan et al. proposed an improved PI algorithm based on optimum reference element selection [15] ; however, this makes the adaptation process much more sophisticated. Secondly, it is helpful to determine whether mutual coupling would affect the array performance. Many designers have endeavored to minimize the mutual coupling between elements as a guideline [16, 17] , while others have started to treat the array as a whole aperture [18, 19] . There is still a lack of a criteria for judging the impact of mutual coupling on the capability of antenna arrays.
In this paper, we specifically investigate the effects of the element radiation patterns on the performance of the adaptive array; in particular, we focus on the adaptive array gain. We illustrate that the output adaptive array gain is mainly dependent on the pattern of the reference antenna element rather than non-reference elements. We show that if mutual coupling deteriorates the reference element radiation pattern of a PI adaptive antenna array, the adaptive array performance will be considerably degraded. This finding not only provides inspirations to design better geometries, especially for small GNSS adaptive arrays, but also helps in choosing an optimum reference element to improve the performance of the array.
The remainder of this paper is organized as follows. The theoretical models for the PI adaptive arrays are given in Section 2. In Section 3, the performance evaluation of the arrays with different radiation patterns of elements is carried out. Section 4 is dedicated to explaining how the mutual coupling deteriorates PI adaptive arrays. The use of the findings in Section 4 to improve the adaptive array performance is discussed in Section 5. Finally, some useful conclusions are presented in Section 6.
PI Adaptive Array Model
In PI, a reference element is usually selected to avoid the all-zero solution of the weight vector, and its corresponding weight is fixed as 1. To find the optimum weight vector, the linear constraint minimum variance approach [1] is utilized. When the n-th element is chosen as the reference element, the weight vector can be expressed as [10] 1 opt
xx is the covariance matrix of the received signal x , and Λ is an inconsequential scalar, which will be ignored later in this paper.
is a constraint vector with zeros except for the n-th element, with the value of 1 corresponding to the reference antenna. It is assumed that ( , ) n G θ ϕ and ( , ) n φ θ ϕ are the gain pattern and the phase pattern of the n-th element to a signal incident from direction ( , ) θ ϕ , respectively. The pattern response of n-th element is denoted as follows:
Since there are J interfering plane waves, the total array response to the interference is defined as a matrix:
[ ]
in which the j-th column is the array response vector to the j-th interference for 1, 2, , j J =  , given by 
where ( , )
ij ij θ ϕ defines the incident angle of the j-th interference, n p  is the position of the n-th element's phase center for 1, 2,..., n N = , and ij k  is the wavevector of the j-th interferer incident from direction ( , )
ij ij θ ϕ , given in Cartesian coordinates by 2 (sin cos sin sin cos )
Similarly, the array response vector to the desired signal is defined by 
where the desired GNSS satellite signal incident along the ( , ) s s θ ϕ direction and s k  is the wavevector of the desired signal analogous to that for the interferer. Therefore, the total received signal vector can be decomposed as
where ( ) s t represents the desired satellite signal, ( ) j i t represents the j-th interference plane waves, and ( ) t n denotes the noise, which is modeled to be a Gaussian random variable with a zero mean and 2 n σ variance. It is assumed that the desired signal, interferences and noise are uncorrelated.
The desired satellite signal is so weak that its power is at least 20 dB less than the noise. Therefore, the covariance matrix can be simplified by neglecting the signal component as follows: 
where ij P reflects the power values of the interference signals. We assume that the powers of interferences are much stronger than the noise. Using the matrix inversion lemma in [20] to invert Equation (8), we obtain
represents an orthonormal basis for the J-dimensional complex space scanned from 1 2 , , ,
The situation in the presence of one single interferer is now considered to show the specific relationship between the adaptive array response and element patterns. We take the first element as the reference element; for example, n c in Equation (1) is equal to [1,0, ,0] T  here. The weight vector may be calculated by substituting Equations (3) and (9) into Equation (1) as follows:
Therefore, the adaptive array pattern can be given as follows:
Combining Equations (6) and (11) gives
Ideally, it is usually considered that the patterns of different elements are perfectly equal; i.e., ( , )
For this extreme case, Equation (13) will be simplified as
where the adaptive array pattern can be expressed as the product of the element pattern and the array factor, which is related to the location of the element and the relative position between the elements and the incident signal.
In reality, the mutual coupling between the antenna elements and other non-ideal factors make the elements dissimilar. As shown in Equation (13), besides the array factor, the adaptive array gain is mainly dependent on the radiation pattern characteristics of the reference element and may be influenced by the extent to which element patterns change compared to the reference pattern.
The Impact of Element Patterns on Array Performance
To find the relationship between the radiation patterns of elements and the adaptive array performance, the output adaptive array gain in the presence of a desired signal and J interfering signals is studied. It should be pointed out that the impacts of the RF front-end are neglected, and we assume that all the signals are continuous waves.
In order to characterize the adaptation performance, the angular availability is employed as the performance metric in this paper, which is commonly adopted in the research into GNSS adaptive arrays. It is defined as the percentage of the angular region over the entire upper hemisphere, where the output adaptive array gain is equal to or exceeds a selected threshold [19] .
Two different distributions of antenna elements, as shown in Figure 1 , are considered in this paper, which are commonly used as the array geometry for GNSS antenna arrays. Note that the element distribution G1 consisted of elements that are equally spaced on a circle with a halfwavelength radius (i.e., d = 0.5 λ as shown in Figure 1 ) and an element at the circle's center. In element distribution G2, the antenna elements are uniformly spread on the perimeter of a circle with a radius of half a wavelength.
The square patch element is located on a substrate with a height of 5 mm and a relative dielectric constant of 30. The patch element performs right-hand circular polarization (RHCP) by a dual-feed configuration providing two ports with a 90-degree phase difference. All the patch elements work at 1268.52 MHz, which is the central frequency of the B3 signal of the BeiDou Satellite Navigation System [21] , and their S11 <−15 dB. We used CST Microwave Studio (Dassault Systems, Vélizy-Villacoublay, France) to simulate the in-situ response of elements in arrays, which is used to investigate the performance of the adaptive arrays through 100 Monte Carlo simulations in MATLAB (Mathworks, Natick, MA, USA). As shown in Figure 2 , the incident angles of the interfering signals in each simulation are randomized uniformly from the region below 30° elevation, which is the common scenario in practice, while the incident angles of the GNSS signal vary in one-degree steps throughout the entire upper hemisphere. The average availabilities are finally calculated over 100 independent trials. For all simulations, it is assumed that the GNSS signal is 20 dB below the noise floor, and the interference signals are 40 dB above the noise. 
Gain Patterns
Firstly, the performance of the arrays with different gain patterns of elements is studied, and the effects of phase patterns are neglected here. By changing the size of the antenna aperture, we designed four different antenna elements, named E1, E2, E3 and E4, in CST Microwave Studio (Dassault Systems, Vélizy-Villacoublay, France) (see Figure 3 ), and the radiation patterns of these are shown in Figure 4 . These four elements are selected as the reference elements of G1 and G2, respectively. Note that the reference elements are both located at element 1 as shown in Figure 1 and the other elements are equal. In Figure 5 , the average angular availabilities of arrays with different gain patterns of reference elements are shown as a function of the values of the selected threshold Gth, for the case of G1 and G2, respectively. The results are shown for different numbers of RFIs (radio frequency interferences) in each case. It can be seen from Figure 5 that the availability improves with the increase of the gain of reference elements under the selected array geometries. Next, we consider the impact of the extent of the change of non-reference element patterns as compared with the reference pattern on the array performance.
We selected the four elements in Figure 3 as non-reference elements of G1 and G2, respectively. Note that, in each case, the non-reference elements are identical (E1 or E2 or E3 or E4), and the gain patterns of these are shown in Figure 4 . All reference elements are selected as E1 in different cases and are still located at element 1 as shown in Figure 1 . Figure 6 plots the performance of the antenna arrays with different gain patterns of nonreference elements. With the non-reference elements selected from E1 to E4, the gain patterns of the non-reference elements vary increasingly compared with those of the reference element, but the availabilities of the array remain nearly the same. It can be concluded that the extent of non-reference element gain pattern changes as compared with the reference pattern has little effect on the availability performance of the array. Furthermore, it can be seen clearly from the comparison of Figure 5 and Figure 6 that the adaptive array gain of the PI array is mainly determined by the radiation pattern of the reference element, while the gain patterns of non-reference elements have little effect on the availability performance of the adaptive array. The good agreement between the results and the theoretical derivation in Section 2 evidently illustrates that the PI algorithm essentially forces the elements to be in an unequal position This leads to the domination of the radiation characteristics of the reference element on the adaptive array gain.
It should be pointed out that the larger the number of RFIs is, the smaller the effect of the gain of the reference element on the adaptive array gain. As depicted in Figure 5 , the availability performance of the array is mainly dependent on the array factor when the number of interferences is equal to three. Overall, the adaptive array gain of G1 is slightly better than that of G2, as plotted in Figures 5 and 6 .
Phase Patterns
Secondly, the performance of arrays with different phase patterns of antenna elements is investigated. The effect of gain patterns is neglected here. Since the phase is a relative concept, we usually take the zenith direction as the zero-phase reference point. Additionally, the phase pattern of the patch antenna in this paper has some characteristics that are nearly unchanged with the increase of elevation angle; however, the phase will fluctuate with the increase of elevation angle as the patch antenna is located in the array. The phase pattern comparison between the ideal patch antenna and the real element in array is depicted in Figure 7 . Note that the phase fluctuation of the real antenna in the array with the increase of elevation angle is generally from 0 to 30 degrees compared to the zero-phase reference point. According to this characteristic, we artificially designed four different antennas, named E5, E6, E7 and E8, the phase patterns of which are shown in Figure 8 . We selected these four elements as the reference elements of G1 and G2, respectively. Note that the reference elements are both located at element 1, as shown in Figure 1 , and the other elements are equal. In Figure 9 , the average angular availabilities of arrays with different phase patterns of reference elements are presented for the case of G1 and G2, respectively. The results are shown for different numbers of RFIs in each case.
Similarly, these four elements are selected as the non-reference elements of G1 and G2, respectively. Figure 10 plots the performance of the antenna arrays with different phase patterns of non-reference elements, which are selected from Figure 8 . Note that in different cases, the nonreference elements are identical (E5 or E6 or E7 or E8); the phase patterns are shown in Figure 8 . Furthermore, all reference elements are selected as E5 and are still located at element 1, as shown in Figure 1 . Obviously, both the phase pattern of the reference element and the non-reference elements have little effect on the availability performance of the PI adaptive array. The results in Figures 9 and 10 illustrate that the PI algorithm has a certain adaptability to the phase perturbation of the elements.
Conventionally, as the number of RFIs increases, the availability will degrade since more nulls should be steered towards interferer sources. However, the availabilities in Figures 5, 6 , 9 and 10 increase as the number of RFIs increases. To explain this phenomenon, we choose three specific scenarios in which the numbers of RFIs are one, two, and three, respectively: (a) Figure 11 plots the adaptive gain of the four-element array (G1) towards the direction of the interferences in the specific scenes. Furthermore, the elements in the array are all selected as E1. As shown in Figure 10 , the nulling (about −90 dB) in the presence of one interference is much deeper than that (about −50 dB) when there are two or three interferences. This deeper nulling will cause the region where the adaptive array gain is less than the threshold to become much larger, as depicted in Figure 12 . On the other hand, the maximum array gains in Figure 12a -c are 7.24 dB, 8.03 dB and 15.35 dB, respectively; that is, the array gain will be larger in a region far from the nulling as the number of RFIs increases. In summary, the availability will increase and the nulling capability will decrease as the number of RFIs increases. We suggest that the primary reason for this phenomenon may be the number of elements in the array being insufficient. We can improve the nulling capability by employing more elements in the array. As shown in Figure 13 , two more elements are added to the four-element array in Figure 10 (other conditions are unchanged), and the nulling capability of the new six-element array did not decrease dramatically as the number of RFIs increased. In this case, the array gain and the availability obviously decreased, as depicted in Figure 14 , because the deeper nullings are steered as expected. According to the analysis mentioned earlier, the availability sometimes cannot characterize the array performance comprehensively. The nulling capability may decrease when the availability improves; therefore, it is more meaningful to investigate the availability of antenna arrays with the same number of interferences and elements. Moreover, we should combine the null deepness and the availability to judge the performance of PI adaptive arrays so that we can investigate the antenna array comprehensively and fairly.
The Impact of Mutual Coupling on Array Performance
The effect of mutual coupling between the elements is neglected in the above experiments to verify the theoretical derivation in Section 2 using a relatively ideal pattern of patch elements. The mutual coupling between small arrays often influences impedance matching, resonant frequency, and especially the element patterns, leading to the degradation of the adaptive array gain.
According to the results mentioned above, the PI adaptive array gain is mainly related to the radiation characteristics of reference elements rather than non-reference elements. Thus, we are interested in comparing the adaptive array performance related to different mutual couplings which results in different patterns of reference elements.
As depicted in Figure 15 , five-element patch arrays were designed in CST Microwave Studio (Dassault Systems, Vélizy-Villacoublay, France) using the array geometries in Figure 1 . One more element is added to G1 and G2 to increase the mutual coupling between elements. Note that the reference elements are both located at element 1, as shown in Figure 15 , and the radii of the array are 0.5 , 0.3 and 0.25 , respectively. The other experimental conditions are the same as those in Section 3. It can be seen from Figure 16 that, as the interelement spacing decreases, the performances of the five-element patch arrays gradually deteriorate. Especially when the radius is 0.25 λ , the availability of G1 and G2 both decrease much more significantly than when the radius is 0.5 λ , since the strong mutual coupling between elements comes into play. Moreover, the comparison of Figure  16a ,b illustrates that the performances of A1 and A2 nearly stay the same due to the small mutual coupling when the interelement spacing is of the order of half a wavelength. However, the availability of A1 obviously deteriorates compared with that of A2 when the elements become more closely packed. Figure 17 shows the radiation characteristic comparison of reference elements in A1 and A2 when the radii are 0.3 λ and 0.25 λ , respectively. Given that the reference element located at the center will be more severely affected by mutual coupling than that spread on the perimeter of the circle, the gain of the reference element in A1 tends to degrade more seriously than that in A2 when the aperture size decreases. We can draw the following conclusion from the above results: if the mutual coupling deteriorates the radiation pattern of the reference element of the PI adaptive antenna array, the performance of the adaptive array gain and availability will considerably degrade. In practice, this finding is very important, in that the total effect of mutual coupling on the overall antenna array performance can be associated with the patterns of the reference element. According to this conclusion, it is possible to design a more reasonable small PI antenna array geometry which should avoid the potential degradation of the radiation pattern of the reference element by mutual coupling; for example, A2 is a better choice than A1, especially when reducing the size of the antenna array.
Discussion
For small antenna arrays, the selection of a reference element should consider the absolute insitu response of individual antenna elements. In practice, the optimum reference elements could be selected according to the measured radiation patterns of different elements in the array, and it is not necessary to employ a sophisticated algorithm, such as the algorithm proposed in [15] , which will be unsuitable for small antenna arrays due to the increased computational complexity. For example, we can improve the poor performance of array A1 when the radius is 0.25 by choosing an element with a better gain pattern. As shown in Figure 18 , element 2 in Figure 15a is more suitable as a reference element than element 1 for array A1, which is verified by the results presented in Figure 19 . The results are consistent with our previous analysis; i.e., the in-situ radiation pattern of an element will help us select the optimum reference element while avoiding exhaustive tests or sophisticated algorithms. 
Conclusions
This paper investigated the impact of element patterns on the performance of GNSS powerinversion adaptive arrays. It is shown that the availability of PI adaptive arrays is mainly dependent on the gain pattern of the reference antenna element rather than the non-reference elements. Additionally, the PI algorithm is not sensitive to the phase perturbation of the elements. Furthermore, the results presented in this paper verified that if the strong mutual coupling between the elements deteriorates the gain performance of the reference element, the availability of PI adaptive arrays will be degraded accordingly. This finding permits us to improve the performance of an adaptive array by observing the pattern characteristics of elements rather than by thoroughly testing a large number of required signals and jammer scenarios.
